Abstract. We relate the regularity of the Bergman projection operator and the canonical solution operator to the Nebenhülle of complete Hartogs domains.
1. Introduction 1.1. Definitions. In this section, we present definitions and notations for the terms that are used in the paper. The reader can refer to [Str10] for the details of these and other definitions.
Let Ω be a bounded pseudoconvex domain in C n and let L In this standard setup, the operator ∂ is a closed and densely defined operator from L 2 (0,q) (Ω) to L 2 (0,q+1) (Ω). Moreover, it has a Hilbert space adjoint that is denoted by ∂ * .
We define the complex Laplacian (also referred to as the ∂-Neumann Laplacian) on (0, q)-forms as
where each operator is defined at the correct form level and with domain so that the compositions are defined. It is clear that Dom( ) involves two boundary conditions: u ∈ Dom(∂ * ) and ∂u ∈ Dom(∂ * ).
The first one is a Dirichlet condition and the second one is a Neumann condition.
It is known that has a bounded inverse (that is a solution operator) on bounded pseudoconvex domains. This operator is called the ∂-Neumann operator of Ω and it is denoted by N = N q (see also [Str10] ).
For α ∈ L 2 (0,q) (Ω) such that ∂α = 0, the ∂-problem is to find a form u ∈ L 2 (0,q−1) (Ω) such that (2) ∂u = α.
By using the machinery above we note that ∂ * Nα is a solution for The closure of a domain Ω in C n is said to have a Stein neighborhood basis if for every neighborhood U of Ω there exists a pseudoconvex domain W such that Ω ⊂⊂ W ⊂⊂ U.
The Nebenhülle of Ω, denoted by N (Ω), is the interior of the intersection of all pseudoconvex domains that contain Ω. We say Ω has nontrivial Nebenhülle if N (Ω) \ Ω has interior points.
The results in this note concern domains with non-smooth boundary therefore we have to be careful with the definition of the function space
we mean for any multi-indices α, β;
Note that this condition is weaker than requiring f to be smooth in a full neighborhood of Ω. We use A ∞ (Ω) to denote the set of holomorphic functions that are in C ∞ (Ω). We denote the L 2 Sobolev spaces of forms by W k (0,q) (Ω) for integer values of k. [BF78] . (S-3) Property (P ) or Property (P ) [Sib87] . (S-4) Existence of a plurisubharmonic defining function [FH08] . A related problem in this context is to find sufficient conditions on a bounded domain Ω in C n such that the ∂-Neumann operator N, the canonical solution operator ∂ * N and the Bergman projection operator The intriguing relationship between the problem of existence of a Stein neighborhood basis and the problem of exact regularity of N, ∂ * N and B Ω rises to the surface when we examine the known sufficient conditions. Namely, each condition (S-1) to (S-4) has a more stringent version that implies the exact regularity of N, ∂ * N and B Ω . In particular, compare (S-1) to [BS91] , (S-2) to [BS93] , (S-3) to [BS91] and [HM06] , and (S-4) to [Cat84] , [Str97] and [McN02] .
In this note, we explore this relationship further on complete Hartogs domains.
1.3. Hartogs Domains. In this section, we go over the notion of Nebenhülle on Hartogs domains (see also [Zey12] ). Let D denote the unit disc in C and let ψ(z) be a continuous and bounded from below function on D. Let us consider the domain Ω in C 2 defined by;
The domain Ω is a bounded complete Hartogs domain. Moreover, it is known that (see [Vla66, page 129] ) Ω is a pseudoconvex domain if and only if ψ(z) is a subharmonic function on D. In order to focus on pseudoconvex domains; we assume that ψ(z) is a subharmonic function for the rest of the note. We further assume that ψ(z) is smooth in the interior of D.
Let F be the set of functions r(z) where r(z) is a subharmonic function on a neighborhood of D such that r(z) ≤ ψ(z) on D. We define the following two functions;
Note that R * (z) is upper semicontinuous and subharmonic on D. The following proposition from [Shi86, Theorem 1] gives the description of N (Ω) for Ω a complete Hartogs domain as above.
This description does not give much information about the interior of the set difference N (Ω) \ Ω or the existence of a Stein neighborhood basis. The Hartogs triangle is a Hartogs domain (ψ is not continuous) with nontrivial Nebenhülle. The continuity assumption on ψ is not enough to avoid having nontrivial Nebenhülle as seen in the following example from [CD98] . Example. Consider a sequence of points in D that accumulates at every boundary point of D, and let f be a nonzero holomorphic function on D that vanishes on this sequence. The function defined by ψ(z) = |f (z)| 2 is a subharmonic function and Ω, defined as above for this particular ψ, is a pseudoconvex domain. On the other hand, any pseudoconvex domain that compactly contains Ω has to contain the closure of the unit polydisc D × D. Therefore, N (Ω) \ Ω has nonempty interior.
This example suggests we must impose additional conditions on ψ or Ω to have trivial Nebenhülle. The following is an example of a positive result.
is a smooth bounded pseudoconvex complete Hartogs domain. Then N (Ω) = Ω, in particular Ω has trivial Nebenhülle.
Note that the smoothness assumption on the domain Ω is a stronger condition than the smoothness assumption on the function ψ(z).
In the this note, we prove two results on Hartogs domains Ω that ensure N (Ω) = Ω under the assumptions of exact regularity of canonical operators.
1.4. Results. The first result holds on any Hartogs domain defined by (3).
has the desired property above since ∂ * is a first order differential operator. On the other hand, there are domains where N 1 fails to be regular but
Remark 2. Theorem 6 is still true if the canonical solution operator ∂ * N 1 is replaced by any other solution operator for the ∂-problem. This resonates with the results in [CC93] and [Duf79] where it is shown that existence of a Stein neighborhood basis implies existence of a regular solution operator for the ∂-problem.
Remark 3. Theorem 6 implies that for the domain constructed in the example above; the ∂-Neumann operator N 1 , the canonical solution operator ∂ * N 1 , or any solution operator for the ∂-problem fails to be globally regular.
The second result concerns a special family of Hartogs domains. We take a bounded holomorphic function g on D and define the following complete Hartogs domain by using this function,
Note that here ψ(z) = − log |g(z)|. Before we state the second result we observe two things.
Remark 4. If g is constant then Ω g is a bidisc and the closure of a bidisc admits a Stein neighborhood basis and the Bergman projection of a bidisc is exactly regular.
Remark 5. If g vanishes at a point in D then Ω g does not admit a Stein neighborhood basis and B Ωg is not bounded on Sobolev spaces. Indeed, Ω g behaves like the famous Hartogs triangle at a zero of g and these two properties fail around this point. See the last section for details.
The remaining case is when g is nonconstant and has no zeros in D. In this case, we notice that the domain does not necessarily have to admit a Stein neighborhood basis. In particular as in the example above, let us take a holomorphic function h(z) on D such that the zero set of h, {z ∈ D | h(z) = 0}, does not have any accumulation point in the interior of D but it accumulates at every boundary point of D and also |h(z)| < 1 on D. We can use Blaschke products to construct such a function. Then, let g(z) = 1 + h(z) and consider the domain Ω g . We observe that Ω g contains bD × D and therefore any pseudoconvex neighborhood of Ω g also contains D × D. This shows, for this particular choice of g, the closure of the domain Ω g does not admit a Stein neighborhood basis.
On the other hand, if we assume the regularity of B Ωg on Sobolev spaces then we get the existence of a Stein neighborhood basis.
Theorem 8. Let g be a nonconstant nonvanishing bounded holomorphic function on D. Suppose B Ωg is bounded from W k (Ω g ) to itself for all integers k ≥ 0. Then the closure of Ω g admits a Stein neighborhood basis.
Remark 6. It will be clear in the proof of Theorem 8 that a weaker hypothesis, namely continuity from C ∞ (Ω g ) to itself, would suffice.
Proof of Theorem 6
The proof builds on the proof of Theorem 5 in [Zey12] . For the convenience of the reader, we repeat the arguments from [Zey12] here and highlight the new ingredients in this proof. The first difference to mention is that the boundary smoothness assumption in [Zey12, Theorem 5] is replaced by the assumption that the canonical solution operator is globally regular.
We start as in [Zey12] and we suppose that N (Ω) = Ω. Then, we take a point p = (p 1 , p 2 ) ∈ N (Ω) \ Ω and notice that actually the set difference contains more points than this singleton. Namely, by Proposition 4, R * (p 1 ) < ψ(p 1 ) and by semicontinuity of R * and continuity of ψ; there exists a neighborhood U of p 1 (compactly contained in D) such that for all q 1 ∈ U, R * (q 1 ) < ψ(q 1 ). This neighborhood U guarantees that N (Ω) contains a full C 2 neighborhood of the boundary point (p 1 , e −ψ(p 1 ) ) ∈ bΩ. Note that there exists δ > 0 such that U is contained in the set {(z 1 , z 2 ) ∈ C 2 | |z 1 | < 1 − 3δ}. Also note that we can add an appropriate function to ψ(z) to construct a pseudoconvex complete Hartogs domain Ω δ with smooth boundary such that Ω δ ⊂ Ω and they share the same boundary over |z 1 | < 1 − δ. We will need a smooth cut-off function χ δ (z 1 ) that is radially symmetric on D, supported in |z 1 | < 1 − 2δ and identically 1 on |z 1 | < 1 − 3δ.
Let f (z 1 , z 2 ) ∈ A ∞ (Ω δ ) with the property that f does not extend past any boundary point of Ω δ ; existence of such a function is guaranteed by [Cat80] . First, we extend this function to Ω,
and F ∈ C ∞ (Ω). Next, for any q 1 ∈ U we define u q 1 as
The assumption on ∂ * N ensures that u q 1 ∈ C ∞ (Ω). By using this function we define G q 1 (z 1 , z 2 ) as
Note that G q 1 ∈ A ∞ (Ω) and G q 1 (q 1 , z 2 ) = f (q 1 , z 2 ) for all |z 2 | < e −ψ(q 1 ) . In the remaining part of the proof, we show that G q 1 (z 1 , z 2 ) extends to be a holomorphic function on the larger set N (Ω) by using two lemmas from [Zey12] . We present proofs of the lemmas for the convenience of the reader.
Lemma 9. Suppose p ∈ N (Ω) and h is a function that is holomorphic in a neighborhood of Ω. Then h has a holomorphic extension to N (Ω) and |h(p)| ≤ sup q∈Ω |h(q)|.
Proof. Note that since h is holomorphic in a neighborhood of Ω, it is holomorphic on N (Ω). Next, assume the desired inequality is not true. In this case, g(z 1 , z 2 ) =
is a holomorphic function on some complete Hartogs domain Ω 1 that compactly contains Ω.
The domain Ω 1 may not be pseudoconvex but its envelope of holomorphy, denoted by Ω 1 that is a single-sheeted(schlicht) and complete Hartogs domain, is pseudoconvex (see [Vla66, page 183] ). Moreover, by definition any function holomorphic on Ω 1 extends to a holomorphic function on the envelope of holomorphy Ω 1 .
In particular, g(z 1 , z 2 ) extends as holomorphic on Ω 1 and therefore the point p can not be in Ω 1 . But this is impossible since p is a point in N (Ω).
The next lemma, from [Zey12] , is an approximation result that is similar to the one in [BF86] . Take a function h holomorphic on Ω and expand it as follows:
where each a k (z 1 ) is a holomorphic function on D. Next, define the following functions (that are polynomials in z 2 ) for any N ∈ N,
Clearly each P N is holomorphic in a neighborhood of Ω.
Lemma 11. If h ∈ A ∞ (Ω), then the sequence of functions {P N } converges uniformly to h on Ω.
Proof. Note that h easily extends to the boundary of each fiber over an interior point of D. For (z 1 , z 2 ) ∈ Ω and k ≥ 2, by the Cauchy's inequalities;
C k 2 for some global constant C (that depends on ψ (and hence the domain Ω) and the function h). This estimates is enough for the uniform convergence.
Recall each P N is holomorphic on a neighborhood of Ω and consequently on N (Ω). But by Lemma 9, the uniform convergence percolates onto N (Ω) and therefore any function in A ∞ (Ω) extends to a holomorphic function on N (Ω).
When we apply the argument above to G q 1 , we note that G q 1 is a holomorphic function on N (Ω). In particular, G q 1 (q 1 , z 2 ) = f (q 1 , z 2 ) extends to a larger disc |z 2 | < e −R * (q 1 ) . Recall q 1 ∈ U is an arbitrary point, and therefore we observe that for any point q 1 ∈ U; the holomorphic function f (q 1 , z 2 ) extends from the disc |z 2 | < e −ψ(q 1 ) to a strictly larger disc |z 2 | < e −R * (q 1 ) . This implies f (z 1 , z 2 ) extends a holomorphic function (by the joint analyticity lemma of Hartogs) past the boundary point (p 1 , e ψ(p 1 ) ) but this is a contradiction since f is assumed to be non-extendable. Hence we conclude that indeed, N (Ω) = Ω.
Proof of Theorem 8
Let χ(z) be a nonzero compactly supported smooth radial function on D. The key observation is the following lemma.
Lemma 12. B Ωg
for some nonzero constant c.
Proof. Take a holomorphic function h(z 1 , z 2 ) that is in L 2 (Ω g ) and consider the following two inner products Ω g .
Note that c 1 , c 2 are nonzero and we have
is perpendicular to all square integrable holomorphic functions on Ω g .
It is clear that
) for all k ≥ 0 and the regularity assumption implies that
This means for any k ≥ 0,
is finite. We use these estimates to conclude that g(z) is uniformly continuous on D.
First, we show that |g(z)| does not decay too fast. Note that there exists a holomorphic function h(z) on D such that g(z) = e h(z) .
The case k = 1 in (13) gives h ′ (z) is square integrable on D and if we let h(z) = ∞ n=0 h n z n we obtain the following.
This implies that there exists M > 0 such that,
Without loss of generality, we can assume |g(z)| < 1 and this gives us Re h(z) < 0 on D. On the other hand, by using the previous estimate we get
This gives us a lower bound on g(z),
We modify (13) by using this lower bound and we get for any k ≥ 0,
is finite.
Consider the Taylor series expansion of
n . By using the orthogonality and Beta functions we get
for any k ≥ 0. Therefore, lim n→∞ n j |b n | = 0 for any j ≥ 0. In particular, this implies
is bounded on D and hence g(z) is bounded from below. We also conclude that
∈ W 2 (D). These last two implications indicate that g(z) is uniformly continuous on D. Furthermore, for any ǫ > 0, there exists δ(ǫ) = δ > 0 such that |g(z)| < (1 + ǫ) g z 1 + δ for all z ∈ D. Now let us define the following domains for any ǫ > 0 Ω ǫ = (z 1 , z 2 ) ∈ C 2 | |z 1 | < 1 + δ and |z 2 | < (1 + ǫ) g z 1 1 + δ .
It is clear that each Ω ǫ is a pseudoconvex domain and each one compactly contains Ω g . Furthermore, On the other hand, we note that B Ωg is not exactly regular. Let's suppose that z 0 = 0. For the general case, we can use an automorphism of the unit disc and the fact that an automorphism of the disc preserves the regularity properties of B Ωg . We factor g(z) as z j h(z) for some integer j and some holomorphic function h(z) that is zero-free in a neighborhood of 0. We also take a radially symmetric real cut-off function χ that is supported in a small enough neighborhood of 0. We consider the function ∈ W 1 (Ω g ). Therefore, B Ωg is not exactly regular.
